
Large-scale Network Analytics: Diffusion-based
Computation of Distances and Geometric Centralities

Paolo Boldi
Dipartimento di Informatica Università degli Studi di Milano — Italy

ABSTRACT
Given a large complex network, which of its nodes are more cen-
tral? This question emerged in many contexts (e.g., sociology, psy-
chology and computer science), and gave rise to a large range of
proposed centrality measures. Providing a sufficiently general and
mathematically sound classification of these measures is challeng-
ing: on one hand, it requires that one can suggest some simple, ba-
sic properties that a centrality measure should exhibit; on the other
hand, it calls for innovative algorithms that allow an efficient com-
putation of these measures on large real networks. HyperBall is a
recently proposed tool that accesses the graph in a semi-streaming
fashion and is at the same time able to compute the distance distri-
bution and to approximate all geometric (i.e., distance-based) cen-
tralities. It uses a very small amount of core memory, thanks to the
application of HyperLogLog counters, and exhibits high, guaran-
teed accuracy.

Given an unweighted directed graph G = (V,E), let us write
d(x, y) for the length of the shortest path from x ∈ V to y ∈
V (or ∞, if there is no such path) and let Bt(y) = {x ∈ V |
d(x, y) ≤ t}. A geometric centrality is a centrality measure c that
is expressible as a function of the sequence 〈|Bt(y)|〉t∈N. More
precisely, there must be two functions h : N ×N ×R → R and
g : R → R such that c(x) = limt→∞ g(Ht(x)) where H0(x) =
h(0, 0, 1) and Ht+1(x) = h(t+ 1, |Bt+1(x)|, Ht(x)).

For example, letting h(0,−,−) = 0, h(t + 1, x, v) = v +
(t + 1)x and g(v) = 1/v gives the standard closeness centrality
as defined in [2], whereas harmonic centrality [5] is obtained by
h(0,−,−) = 0, h(t+ 1, x, v) = v + x/(t+ 1) and g(v) = v.

It is interesting to observe that Bt(y) can be computed itera-
tively by accessing the graph in a semi-streaming fashion (i.e., only
scanning sequentially the list of arcs at every iteration); in fact,
B0(y) = {y} and Bt+1(y) = {y} ∪(x,y)∈E Bt(x). Moreover,
the number of iterations needed to reach stability is the length of
the longest shortest path in G (the graph diameter, if G is strongly
connected). The advantage of this approach (with respect to an all-
pairs shortest-path computation, or a sampling technique based on
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a few breadth-first traversals) is that it behaves much better even on
highly disconnected graphs and it does not require random access
to the graph, so it is more cache- and compression-friendly.

HyperBall [6] leverages the newly discovered algorithms based
on HyperLogLog counters [3] to store an approximated version of
Bt(y) for every node y, making it possible to approximate geo-
metric centralities at a very high speed and with high accuracy.
While the application of similar algorithms for the approximation
of closeness was attempted in the MapReduce framework, our ex-
ploitation of HyperLogLog counters reduces exponentially the mem-
ory footprint, and it is about two orders of magnitude faster, paving
the way for in-core processing of networks with a hundred billion
nodes using “just" 2 TiB of RAM. Moreover, HyperBall is inher-
ently parallelizable, and scales linearly with the number of avail-
able cores.

In this talk, I will first offer a bird’s-eye view of centralities, try-
ing to provide a principled taxonomy based on an axiomatic ap-
proach; then I will discuss the computational issue involved and
describe the diffusive solution adopted by HyperBall; finally, as a
case study, I will report the results of the execution of HyperBall for
the computation of the distance distribution on some snapshots of
the Facebook network, that allowed us to obtain the by-now well-
known “Four Degrees of Separation” result [1, 4].
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